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In this paper, we revisit the solar system tests of f(R) gravity. When the Sun sits in a vacuum, the
field f ′ is light, which leads to a metric different from the observations. We reobtain this result in a
simpler way by directly focusing on the equations of motion for f(R) gravity in the Jordan frame.
The discrepancy between the metric in the f(R) gravity and the observations can be alleviated by
the chameleon mechanism. The implications from the chameleon mechanism on the functional form
f(R) are discussed. Considering the analogy of the solar system tests to the false vacuum decay
problem, the effective potentials in different cases are also explored. The combination of analytic
and numerical approaches enables us to ascertain whether an f(R) model can pass the solar system
tests or not.
PACS numbers: 04.25.Nx, 04.50.Kd, 11.10.Lm, 95.36.+x, 98.80.Es, 98.80.Jk
I. INTRODUCTION
The causes of the current cosmic acceleration have
not yet been determined [1, 2, 3, 4, 5], although vari-
ous efforts have been made to identify it. In addition
to considering the cosmological-constant and scalar-field
approaches, the idea that an extended theory of grav-
ity might account for the speed-up also seems to pro-
vide a straightforward explanation. In the Jordan frame
(JF), one may replace the Ricci curvature scalar in the
Einstein-Hilbert action with a function of the scalar,
SJF =
1
16piG
∫
d4x
√−gf(R) + SM [gµν , ψm] , (1)
where G is the Newtonian gravitational constant, and
ψm is the matter field [see Refs. [6, 7] for reviews of f(R)
theory].
A viable f(R) model should generate cosmic dynamics
compatible with the cosmological observations [8, 9, 10],
and also pass the solar system tests, which place strong
constraints on f(R) gravity. The metric of the spheri-
cal spacetime for the Sun predicted by general relativity
matches well with the observations. General relativity
predicts that the parameterized post-Newtonian(PPN)
parameter γ is equal to 1, and the observational results
show that γ = 1 + O(10−4) [11, 12]. Therefore, gen-
eral relativity should be recovered from f(R) gravity in
the solar system. However, if the Sun sits in a vac-
uum, the scalar field f ′ will be very light, which will
generate a metric considerably different from the obser-
vations [6, 7, 13, 14, 15, 16, 17, 18]. In this paper, we
re-derive this result in a simpler way by directly consid-
ering the equations of motion for f(R) gravity in the JF.
In addition, in PPN formalism, based on the empirical
definition of the mass of the Sun, the PPN parameter
α must be equal to 1. With this value, one obtains the
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formula for the deflection angle of a light pulse travel-
ling around the Sun, and gets the PPN parameter γ by
comparing this formula with the observations. However,
in f(R) gravity, the PPN parameter α is generally not
equal to 1. Therefore, a γ can not be obtained by directly
taking the ratio between the two modification terms in
the (t, t) and (r, r) coefficients of the metric line element.
General relativity could be recovered through the
chameleon mechanism [6, 7, 14, 19, 20, 21, 22, 23, 24].
In this mechanism, the scalar field f ′ is coupled to the
matter density of the environment. f ′ acquires a mass
from the coupling, and then is suppressed by the mass,
such that the f(R) gravity can pass the solar system
tests. The chameleon mechanism is usually implemented
in the Einstein frame (EF), in which the condition on
the existence of a thin shell is obtained in Refs. [19, 20].
However, the matter density and the transformed scalar
field are coupled in a complex way in the EF. Note that
the f(R) gravity is defined in the JF, and the picture is
more intuitive in the JF, in which the coupling between
the matter density and the scalar field f ′ is much simpler
than the form in the EF. In this paper, we discussed the
chameleon mechanism in the JF, and also explored the
implications from this mechanism on the functional form
of f(R).
In addition to the analytical method, numerical ap-
proach also provides an efficient way to study how the
scalar field f ′ behaves in the effective potential. Taking
the R lnR model and Hu-Sawicki model as examples, we
run the numerical experiments solving the equation of
motion for f ′ in different configurations. The results ver-
ify the arguments for the thin-shell condition obtained in
the JF and the thin-wall approximation condition in the
false-vacuum decay scenario, and further clarify whether
an f(R) model can avoid the solar system tests or not.
This paper is organized as follows. In Sec. II, we in-
troduce the framework of the solar system tests of f(R)
gravity. In Sec. III, a situation of the Sun sitting in a
vacuum background is discussed. In Sec. IV, working in
the JF, we explore the chameleon mechanism, and its
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2implications on the function form of f(R). In Sec. V,
the false-vacuum decay scenario is discussed. In Sec. VI,
numerical computations are performed to verify the thin-
shell condition. In Sec. VII, the results are summarized.
II. FRAMEWORK
A. f(R) gravity
A variation on the action for f(R) gravity with respect
to the metric yields gravitational equations of motion,
f ′Rµν − 1
2
fgµν − (∇µ∇ν − gµν) f ′ = 8piGTµν , (2)
where f ′ denotes the derivative of the function f with
respect to its argument R, and  is the usual notation
for the covariant D’Alembert operator  ≡ ∇α∇α. The
dynamics of the degree of freedom f ′ are determined by
the trace of Eq. (2)
f ′ = 8piG
3
T +
1
3
(2f − f ′R), (3)
where T is the trace of the stress-energy tensor Tµν . Iden-
tifying f ′ by
φ ≡ df
dR
, (4)
and defining a potential V (φ) by
V ′(φ) ≡ dV
dφ
=
1
3
(2f − φR), (5)
one can rewrite Eq. (3) as
φ = V ′(φ) + 8piG
3
T. (6)
The spherically symmetric coordinate system inside and
outside of the Sun is set up as
φ
r2
(−1 +B + rB′) = −8piGρ− 1
2
(φR− f)
−B
[
φ′′ +
(
2
r
+
B′
2B
)
φ′
]
, (7)
φ
r2
(
−1 +B + rBN
′
N
)
= 8piGp− 1
2
(φR− f)
−B
(
2
r
+
N ′
2N
)
φ′, (8)
where the prime (′) denotes the derivative with respect to
r, ρ is matter density, and p is pressure. The trace equa-
tion (3) in the coordinate system described by Eq. (??)
reads
B
[
φ′′ +
(
2
r
+
B′
2B
+
N ′
2N
)
φ′
]
=
8piG
3
(−ρ+3p)+V ′(φ).
(9)
When the gravitational field is weak and ρ  p, Eq. (9)
can be approximated as
φ′′ +
2
r
φ′ = −8piG
3
ρ+ V ′(φ). (10)
The boundary conditions are
lim
r→∞φ(r) = φ∞ = Const,
dφ
dr
∣∣∣∣
r=0
= 0. (11)
We will use the above formulas to explore the behaviors
of f(R) gravity in the solar system, and compare the the-
oretical results with the observations in PPN formalism.
B. PPN formalism
Generally, an isotropic coordinate is used in the PPN
formalism [13, 25, 26], while it is convenient to express
the metric outside of the Sun in the spherical coordi-
nate [27]
ds2 = −
[
1− 2αGM
r
+ 2(β − αγ)
(
GM
r
)2]
dt2
+
[
1 + 2γ
GM
r
]
dr2 + r2dΩ2, (12)
where α, β, and γ are PPN parameters, and M is the
solar mass. In general relativity, α = β = γ = 1, and the
prediction of α = 1 follows from the empirical definition
of the mass M . A centripetal acceleration for a slowly
moving particle far from the center of the Sun is
− g = −Γrtt =
1
2
∂gtt
∂r
= −αGM
r2
, (13)
and the solar mass is measured by setting g to be equal to
MG/r2. Therefore, we must set α to be equal to 1 [27].
Then we can rewrite Eq. (12), to first order of MG/r, as
ds2 = −
(
1− 2GM
r
)
dt2 +
(
1 + γ
2GM
r
)
dr2 + r2dΩ2.
(14)
A light pulse will be deflected by the Sun when it travels
around the Sun. Denote d as the closest distance be-
tween the light pulse and the center of the Sun. Then, to
first order of MG/d, the deflection angle for the metric
Eq. (14) can be expressed as [27]
δθ =
(
1 + γ
2
)
4M
d
, (15)
which is the same as the one derived in isotropic coordi-
nate [25]. In general relativity, γ is equal to 1 and then
the deflection angle δθGR is equal to 4M/d. The results
from VLBI (very-long-baseline radio interferometry) ob-
servations show that γ−1 = (−1.7±4.5)×10−4 [11, 28].
3III. ASSUME THE SUN SITS IN A VACUUM
A. The metric
In f(R) gravity, if we assume that the Sun sits in
a vacuum, the metric outside of the Sun, described by
Eq. (32), is dramatically different from the observations.
In Refs. [6, 13, 14, 15, 16, 17, 18] the metric Eq. (32) is
obtained by a perturbation method or by transforming
f(R) theory from the JF into the EF. In this paper, we
will re-compute the metric in a simpler way by directly
focusing on the equations of motion in the JF.
We assume that the Sun is sitting in a vacuum, and
that in Eq. (10) V ′(φ) is negligible in comparison to φ′′
and 2φ′/r. Note that at infinity, φ is expected to be
close to the de Sitter value φ0, for which V
′(φ)|φ=φ0 = 0.
Thus, the solution to Eq. (10), inside and outside of the
Sun, can be written as
φ(r)|interior ≈ φ0 + 
2r0
[
3−
(
r
r0
)2]
, (16)
φ(r)|exterior ≈ φ0 + 
r
, (17)
where  = 2GM/3, M is the solar mass, and r0 is the
radius of the Sun. When both (φR − f)/2 and p can be
neglected, the equations of motion (7) and (8) become
1
r2
(−1 +B + rB′) ≈ − 2
3φ0
8piGρ, (18)
N ′
N
≈
φ
r2 (1−B)− 2Br φ′
B
(
φ
r +
φ′
2
) . (19)
Notice that Eq. (18) differs from the corresponding equa-
tion in general relativity only by a factor of 2/(3φ0). This
means that the solutions of B(r) inside and outside of the
Sun can be written as
B|interior ≈ 1− 21
r0
(
r
r0
)2
, (20)
B(r)|exterior ≈ 1− 21
r
, (21)
where 1 = 2GM/(3φ0). Substituting of Eqs. (16)(20)
and Eqs. (17)(21) into Eq. (19) yields the solutions for
N(r) inside and outside of the Sun, respectively,
N(r)|interior ≈ exp
[
41
r0
(
r
r0
)2
+ C1
]
, (22)
N(r)|exterior ≈ C2
(
1− 41
r
)
. (23)
Letting C2 equal to 1 and requiringN(r) to be continuous
at r equal to r0, we have
N(r)|exterior ≈ 1− 41
r
, (24)
N(r)|interior ≈ 1− 81
r0
+
41
r0
(
r
r0
)2
. (25)
In summary,
φ(r) ≈

φ0
{
1 + 12r0
[
3−
(
r
r0
)2]}
for r < r0,
φ0
(
1 + 1r
)
for r > r0,
(26)
B(r) ≈

1− 21r0
(
r
r0
)2
for r < r0,
1− 21r for r > r0,
(27)
N(r) ≈

1− 81r0 + 41r0
(
r
r0
)2
for r < r0,
1− 41r for r > r0.
(28)
For comparison, we also list the corresponding quantities
in general relativity: φ(r) is always equal to 1 and
BGR(r) ≈

1− 3r0
(
r
r0
)2
for r < r0,
1− 3r for r > r0,
(29)
NGR(r) ≈

1− 6r0 + 3r0
(
r
r0
)2
for r < r0,
1− 3r for r > r0.
(30)
More generally, when the matter density and the radius
of the Sun are large enough for some f(R) models, φ(r)
could be almost constant at 0 < r < r1 < r0, therefore
V ′(φ)−8piGρ/3 ≈ 0. Note that in this case the chameleon
mechanism is functioning. At r1 < r < r0, the field
φ(r) varies with r, φ′′ + 2φ′/r = −8piGρ/3 + V ′(φ). In
this case, the solutions of B(r) and N(r) are a bit more
complicated. However, the forms of φ(r), B(r), and N(r)
will not change outside of the Sun, except that in the
definition of 1, M is replaced by
Meff ≈ 4pi
∫ r0
r1
[
ρ− 3V
′(φ)
8piG
]
r2dr. (31)
4B. Compare the theoretical results with the
observations
Substitution of Eqs. (21) and (24) into Eq. (??) yields
ds2 = −
(
1− 8
3φ0
GM
r
)
dt2 +
(
1 +
4
3φ0
GM
r
)
dr2 + r2dΩ2,
(32a)
= −
(
1− 2GM0
r
)
dt2 +
(
1 +
GM0
r
)
dr2 + r2dΩ2,
(32b)
where M0 = 4M/(3φ0). Comparison of Eqs. (14) and
(32a) shows that, in f(R) gravity, α = 4/(3φ0) and γ =
2/(3φ0). The de Sitter value φ0 may not be equal to
3/4. Consequently, M0 may not be equal to M as in
general relativity, and α(= 4/(3φ0)) may not be equal to
1, which violates the requirement that α must be equal
to 1 as argued in Sec. II B. Therefore, it may not be
appropriate to directly take the ratio between the two
terms of 4GM/(3φ0) and 8GM/(3φ0) in Eq. (32a) to be
the value of the PPN parameter γ, as done in general
relativity case, and claim that γ is equal to 1/2. Another
instructive approach to confront f(R) gravity with the
observations is to compute the deflection angle of a light
pulse travelling around the Sun. Compare Eq. (14) with
Eq. (32b) and use Eq. (15), one obtains the deflection
angle for a light pulse in f(R) gravity
δθf(R) =
(
1 + γ
2
)
4M0
d
=
1
φ0
4M
d
=
δθGR
φ0
. (33)
Equation (33) shows that the deflection angle in f(R)
gravity happens to differ from the one in general relativ-
ity by a factor of φ0, which generally is not equal to 1 in
f(R) gravity. The differences of the PPN parameter α′s
and the deflection angels between general relativity and
f(R) gravity can be explained as follows. Compared to
general relativity, in f(R) gravity, there is one more de-
gree of freedom f ′. Equivalently, an extra force is operat-
ing. This force affects the metric and then the trajectory
of the light pulse. In the next section, we will discuss the
chameleon mechanism, in which the degree of freedom f ′
is suppressed and therefore the f(R) gravity may avoid
the solar system tests.
In Refs. [26, 29], a PPN parameter γ equal to 1 is ob-
tained via a linear perturbation of the metric for f(R)
gravity in flat Minkowski space. In some f(R) models,
e.g. f(R) = R+αR2 where α is a parameter, the de Sitter
curvature (obtained from V ′(φ) = 0) is zero and hence
the background space can be Minkowski space. However,
in the dark-energy-oriented f(R) gravity, the curvature of
the background is not equal to zero, but equal to the cos-
mological constant. A linearized analysis in the de Sitter
space will lead to the metric described by Eq. (32) [6, 13].
IV. THE CHAMELEON MECHANISM
A. The chameleon mechanism in the EF
The discrepancy between the theoretical results and
the observations in solar system tests of f(R) gravity
could be avoided through the chameleon mechanism [6,
7, 14, 19, 20, 21, 22, 23, 24]. The f(R) gravity can
be transformed into the EF. The field φ is re-scaled to
φ˜ =
√
3/2mpl lnφ, where mpl is the Planck mass and
8piG = m−2pl . Consider that the Sun sits in the solar
system background, which has a non-zero matter density.
The new field φ˜ can acquire a mass from its coupling to
the matter density of the environment both inside and
outside of the Sun. The field φ˜ is suppressed by this
mass. In order to avoid the solar system tests, the field
φ˜ should be suppressed to satisfy [14]
|φ˜∞min − φ˜cmin|
Φc
√
3/2
mpl
≤ 3.5× 10−5, (34)
where Φc ≈ 10−6 is the Newtonian potential at the solar
surface.
B. The chameleon mechanism in the JF
We present the chameleon mechanism in the JF in this
subsection, which has a simpler format than the one in
the EF. General relativity predicts that γ is equal to 1,
which matches the observations very well. By comparing
the equations of motion in f(R) gravity, (7) and (8), with
those in general relativity,
1
r2
(−1 +B + rB′) = −8piGρ, (35)
1
r2
(
−1 +B + rBN
′
N
)
= 8piGp, (36)
one can see that in order to obtain a γ equal to 1 in
f(R) gravity, f(R) gravity should be reduced to gen-
eral relativity in the solar system. The correspond-
ing matter density ranges from ρ ≈ ρSun ∼ g/cm3 to
ρ ≈ ρsolar-system ∼ 10−8g/cm3,
f(R) ≈ R, and f ′ ≈ 1. (37)
Therefore, with Eq. (10), which is the equation of motion
for φ, we obtain that from inside the Sun to the places
far away from the Sun the following equation should be
satisfied
V ′(φ)− 8piG
3
ρ ≈ 0. (38)
Taking the spatial coordinate r in Eq. (10) as the
“time” coordinate,
φ¨+
2
r
φ˙ = −
[
−V ′(φ) + 8piG
3
ρ
]
. (39)
5Then, as shown in Fig. 1, Points B and C correspond to
the respective quasi-stationary states for the field φ out-
side and inside of the Sun, and |φB −φC |  1. However,
if the matter density of the environment is zero, the field
φ will move to Point A, and a metric Eq. (32) different
from the observations will be obtained.
A
B
C
V′(φ)8piG
3 ρ
A: de Sitter point
B: Far away from the Sun
C: Near the Sun
φ
−
V
(φ
)
FIG. 1: Description of the chameleon mechanism in the Jor-
dan frame.
When φ′ → 0 and φ′′ → 0, Eqs. (7) and (8) become
φ
r2
(−1 +B + rB′) = −8piGρ− 1
2
(φR− f), (40)
φ
r2
(
−1 +B + rBN
′
N
)
= 8piGp− 1
2
(φR− f). (41)
Letting η1 = 8piGρ + (φR − f)/2 and η2 = −8piGp +
(φR− f)/2, we obtain
B(r) ≈ 1 + C1
r
− η1
3
r2, (42)
N(r) ≈ C2 exp
[
−
∫
C1/r
2 + (η2 − η1/3)r
1 + C1/r − η1r2/3 dr
]
. (43)
When η1r  C1/r2 and η2r  C1/r2, one obtains
B(r) ≈ N(r) ≈ 1 + C1
r
, (44)
and γ ≈ 1.
C. Requirements on the f(R) format
The requirements on the fields φ˜ and φ to pass the
solar system tests have been discussed in the above two
subsections. In this subsection, we study the implications
from these requriements on the form of the function f(R).
Consider a small variation of Eq. (38)
V ′′(φ) · δφ ≈ 8piG
3
δρ. (45)
As discussed in the above subsection, when general rel-
ativity is restored, we have R ≈ 8piGρm and |δφ|  1.
These together with Eq. (45) imply that
|δφ| ≈ 8piG
3
|δρ|
|V ′′(φ)| ∼
R
|V ′′(φ)|  1. (46)
With Eq. (5) defining V ′(φ), we have
V ′′(φ) =
f ′ − f ′′R
3f ′′
. (47)
Substitution Eq. (47) into Eq. (46) yields that
f ′  f ′′R. (48)
Equation (48) can be interpreted as follows. Write the
function f(R) as
f(R) = R+A(R), (49)
where R is the main term, and A(R) is the modification
term. Then Eqs. (37) and (48) imply that the corrections
should be smaller than the main terms at three orders of
derivative:
|A(R)|  R, |A′(R)|  1, and A′′(R) 1
R
. (50)
If general relativity is restored inside the Sun, which
means that |A(R)|  R and |A′(R)|  1. To guar-
antee that general relativity recovery is valid from inside
the Sun to places far away from the Sun, A′(R) should
also change considerably slowly with respect to R, and
Eq. (48) shows that the change should be slower than
1/R.
In addition to the solar system tests, the f(R) gravity
should also be reduced to general relativity in the early
universe so that the large-scale structure can be formed.
Therefore, the recovery requirements on the f(R) format
in the two cases are essentially same. The derivation
of Eq. (50) is very similar to the corresponding one in
the cosmological evolution aspect, see Ref. [10]. On the
other side, the f(R) gravity should deviate from general
relativity at low curvature scale, so that a cosmic accel-
eration can be generate in the late universe. Therefore,
the parameters in f(R) models should take appropriate
values to balance the requirements from both high and
low curvature scales.
V. FALSE VACUUM DECAY AND SOLAR
SYSTEM TESTS OF f(R) GRAVITY
From the mathematical point of view, the solar system
tests of f(R) gravity are very similar to the false vacuum
decay discussed in Ref. [30]. The conclusions in Ref. [30]
provide a pictorial description to the thin shell problem
in f(R) gravity. In this section, we first briefly introduce
the scenario of false vacuum decay, then discuss solar
system tests of f(R) gravity using the arguments of this
scenario.
6A. False vacuum decay
Consider a single scalar field in four-dimensional space-
time with the nonderivative interactions
L = 1
2
∂µφ∂
µφ− U(φ). (51)
Let U possess two relative minima, φ±, only φ− is an
absolute minimum as shown in Fig. 2. Assume the energy
difference between the two minima, ζ, is tiny, and denote
Umax as the local maximum of U in the first order of ζ. If
φ stays at the minimum φ+ initially, quantum effects can
make φ penetrate the barrier and approach to φ−. Thus,
φ+ is called a false vacuum. The Euclidian (imaginary-
time) equation of motion for φ is(
∂2
∂τ2
+∇2
)
φ = U ′(φ), (52)
where τ = it, and the prime denotes differentiation with
respect to φ. Define ρ = (τ2 + |x|2)1/2. Then, in the
three-dimensional spherical symmetry, Eq. (52) becomes
d2φ
dρ2
+
3
ρ
dφ
dρ
= U ′(φ). (53)
The boundary conditions are set as
lim
ρ→∞φ(ρ) = φ+,
dφ
dρ
∣∣∣∣
ρ=0
= 0. (54)
Equation (53) can be studied in the language of classical
mechanics. Take ρ as “time” variable, the field φ moves
in −U(φ) as shown in Fig. 2.b. Assume φ stays very
close to φ− initially. Due to friction, φ will remain close
to φ− until some very long time after. The field will
run through the valley quickly, then approach φ+ very
slowly. The place where φ moves fast is called thin-wall.
The condition for the validity of the thin-wall approxima-
tion can be equivalently expressed in the following three
formats [30]
ζ
8Umax
 1⇐⇒ ∆a
a
 1⇐⇒ ∆
(
µ2
)
µ2
 1. (55)
With the illustration of Fig. 2, ∆a = |a+ − a−|, a =
(a+ + a−)/2, µ2 = [U ′′(φ+) + U ′′(φ−)] /2, and ∆
(
µ2
)
=
|U ′′(φ+) − U ′′(φ−)|. Next, we will use these results to
examine solar system tests of f(R) gravity.
B. Solar system tests of f(R) gravity in context of
instantons
It is possible to rewrite Eq. (10) as
φ′′ +
2
r
φ′ = V ′eff(φ), (56)
where
V ′eff(φ) = −
8piG
3
ρ+ V ′(φ). (57)
The boundary conditions are described by Eq. (11). The
dynamics of φ(r) defined by Eqs. (10)-(11) are almost
identical to the scenario of false vacuum decay, except
that the spacetime has one dimension less in the former
than in the latter.
For convenience, one may take the spatial coordinate
as the “time” coordinate, and rewrite Eq. (56) in a “dy-
namical” format as is done in last subsection
φ¨+
2
r
φ˙ = − [−V ′eff(φ)] , (58)
where the overdot still denotes the derivative with re-
spect to the spacial coordinate r. The field φ is required
to satisfy the boundary conditions described by Eq. (11).
For f(R) models satisfying the conditions expressed by
Eq. (50), general relativity can be well restored when
the matter density is much greater than the cosmolog-
ical constant. In this case, the field φ(≡ f ′) is always
very close to 1 from inside to places far away from the
Sun, and has a fast transition between the values inside
and outside the Sun. Consequently, the two maxima of
−Veff for these models are almost at the same “height”.
In the beginning, the field φ quasi-statically stays at the
right maximum of the inverted potential −Veff for a long
“time” due to the large friction force 2φ˙/r. Then, after
a long “time” (when r is large enough), the friction force
becomes negligible such that the field φ will run through
the valley instantly and then slowly approach the left
maximum of −Veff. In this case, φ is an instanton, and
has a thin shell near the Sun’s surface in the solar sys-
tem tests problem. However, for f(R) models not well
satisfying the condition expressed by Eq. (50), general
relativity may be recovered only for a very short period
of matter density, and the field φ can deviate significantly
from 1 from inside the Sun to places far away from the
Sun. Then, a slow transition for the field φ between the
values inside and outside of the Sun will take place. In
this case, the two maxima of the effective potential can
be quite different. Both the instanton and non-instanton
cases will be numerically implemented in the rest of this
paper.
VI. NUMERICAL COMPUTATIONS OF f(R)
MODELS
In order to verify the analytic arguments in Sections IV
to V, we numerically investigate the profile of φ(r) for a
sphere (including the Sun) sitting in a background with
non-zero matter density. When the function f(R) can
trace the Ricci scalar R closely enough in the solar sys-
tem, the field φ will be very close to 1, and has a fast
but tiny drop near the solar surface. The two maxima
of the effective potential will be almost same high, and
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FIG. 2: Instanton in the false vacuum decay. (a) Pictorial description of the thin-shell condition expressed by Eq. (55). (b) The
inverted potential −U(φ). In the beginning, the field φ quasi-statically stays at the right maximum of the inverted effective
potential −U(φ) for a long “time” due to the large friction force 2φ˙/r. Then, after a long “time” (if r is large enough), the
friction force becomes negligible, the field φ will run through the valley instantly and then slowly approach the left maximum
of −U(φ).
the field φ is an instanton across the valley of the effec-
tive potential. However, if the f(R) function deviates a
lot from the Ricci scalar R in the solar system, the field
φ will change significantly from 1 and has a long-term
transition between the values inside and outside of the
Sun. Consequently, the heights of the two maxima of
the effective potential can be very different, and the cor-
responding f(R) model has difficulty to pass the solar
system tests. To justify these results, in this section, we
will numerically explore the behaviors of φ(r) in the so-
lar system taking the R lnR model and the Hu-Sawicki
model as examples.
A. The R lnR model
The f(R) gravity can be generated from a renormal-
ization group flow. When the running of the gravita-
tional coupling is defined by a beta-function similar to the
(quantum) function in quantum chromodynamics, one is
led to the R lnR model [31],
f(R) = R
(
1 + α0 ln
R
R0
)
, (59)
where α0 and R0 are positive constants. The de Sitter
curvature
Λ ≡ R0e−1/α0+1, (60)
is exponentially suppressed in comparison to R0. The
cosmic dynamics of this model are explored in our previ-
ous work [10, 31].
For this model, the function f(R) can be rewritten as
f(R) = R(φ− α0), (61)
with
φ ≡ f ′ = 1 + α0 + α0 ln R
R0
. (62)
When φ′′ and 2φ′/r are negligible compared to V ′(φ) and
8piGρ/3 in Eq. (10), one obtains
φ ≈ 2α0 + α0W (X), (63)
where X = 8piGρ/Λ and W (X) is the Lambert W func-
tion. Equations (61) and (63) show that, at general-
relativistic limit, φ ≈ 1, R ∼ R0, and
α0 ≈ 1
W (X)
 1. (64)
W (X) ≈ ln(X) when X  1. Then, with Eq. (63), φ
is logarithmically dependent on X when X  1. This
model is therefore reduced to general relativity only for
a certain regime of curvature or matter density even at
high curvature scale. This is quite different from some
other models, such as the Hu-Sawicki model [17], the
Starobinsky model [32], and the exponential model [33,
34, 35], in which f(R) goes to general relativity once the
matter density ρ is above a certain value.
Regarding the low curvature regime, in order for the
f(R) gravity to generate a cosmic acceleration in the late
universe, the de Sitter curvature and hence α0 can not
be too small, see Eq. (60). Consequently, an appropriate
value for α0 needs to be chosen to reconcile the tension
between the requirements at the high and low curvature
scales. Under the reconciliation, the running of φ makes
it hard for the R lnR model to pass the solar system
tests, as will be discussed below.
Utilizing Newton’s iteration method, we numerically
solve Eq. (10) to obtain φ(r) for a sphere (which can
be the Sun) in a background with non-zero matter den-
sity in different configurations. As far as the units are
concerned, in this paper, we set the parameters to be di-
mensionless. We let the radius of the Sun r0 equal to 1, in
which case the densities of the Sun, the solar system and
the dark energy are 2.1× 10−6, 6× 10−14 and 10−34, re-
spectively. We describe the matter density profile around
8the sphere approximately as
ρ =
ρsphere
1 + e10(r−r0)
+ ρbackground. (65)
For simplicity, we set R0 equal to 1. We consider the
following three cases in sequence: i) a thin shell of φ(r)
exists, ii) a thick shell of φ(r) exists, iii) solar case, where
the field φ does not sits at one minimum of Veff(φ) inside
the Sun, and a shell does not exist.
Generally a thin-shell solution of φ(r) could exist, when
i) the matter densities of the sphere and the background
are high, ii) the gap between the two matter densities
is not too large, iii) the sphere is large enough, iv) and
the parameters take appropriate values so that the f(R)
model does not deviate much for general relativity at the
curvature scale above the one of the background. Take
α0 = 0.015 and R0 = 1. Using the same units as the
ones in the solar system case, we set the matter densities
of the sphere and the background at 55 and 5, respec-
tively. The radius of the sphere r0 is 10. The results
for this set of parameters are shown in Fig. 3. A thin-
shell solution for φ exists at the surface of the sphere, see
Fig. 3.a. In this configuration, φ stays at the coupling
state, for which V ′(φ) ≈ 8piGρ/3, from inside to outside
of the sphere, and the absolute value of the friction force
|2φ′/r| is much less than that of the net force |φ′′|, as
shown in Fig. 3.b and c. Consequently, φ can instantly
cross the valley of −Veff(φ) and, as plotted in Fig. 3.c,
the two maxima of the inverted effective potential −Veff
are almost at the same height, and φ is an instanton in
−Veff. The potentials V , Veff, and Vm in Fig. 3.c are de-
fined by Eqs. (5), (57), and V ′m = −8piGρ/3, respectively.
Equation (57) implies that Veff = V + Vm.
Now we consider a more challenging configuration.
Take α0 = 0.02 and R0 = 1. The matter densities of the
sphere and the background are 2.1×10−1 and 2.1×10−5,
respectively. The radius of the sphere r0 is 5. The results
for this set of parameters are shown in Fig. 4. As shown
in Figs. 4.a and b, in this situation, at places well inside
and far away from the sphere, the field φ stays at the
coupling state, and the equation of motion for φ (10) be-
comes V ′(φ)− 8piGρ/3 ≈ 0. Near the surface the sphere,
Eq. (10) is approximated as φ′′+ 2φ′/r ≈ 0. In this case,
φ has a thick shell. In the mean time, although −Veff(φ)
still has two maxima, they are not at the same height, as
shown in Fig. 4.c.
In the above two configurations, inside the sphere, φ
stays at the coupling state. Then, the scalar field φ runs
slowly with respect to the matter density, see Eq. (63).
This running can easily trigger the field φ to move off
the coupling state inside the sphere and then the field
φ will slowly approach the other coupling state which
is far away from the sphere, as shown in Figs. 3 and
4. The smaller the matter density and the radius of the
sphere are, the earlier the field φ will be released from
the coupling state inside the sphere. In the solar system
case, such a coupling process does not even exist. We let
α0 = 0.0126 and R0 = 1 so that Λ can take the value of
the dark energy, 10−34. The numerical results in the solar
case are shown in Fig. 5. Figure 5.a shows that, Eq. (10)
can be approximated as φ′′ + 2φ′/r ≈ 8piGρ/3 and φ′′ +
2φ′/r ≈ 0 inside and outside of the Sun, respectively. As
a result, outside of the Sun, φ(r) ≈ φ0+2GM/(3r), where
φ0 = 2α0 +α0W (8piGρsolar-system/Λ). Thus, a metric close
to Eq. (32), which is different from the observations, will
be obtained, like what has been discussed in Sec. III.
One may also interpret the results in the solar case in
the other way. For the R lnR model,
f ′′ =
α0
R
. (66)
In comparison to the requirement of the general relativ-
ity restoration (50), the modification term in the R lnR
model changes fast with respect to the Ricci scalar R,
and the model deviates significantly from general rela-
tivity. Consequently, with Eq. (63), there can be a big
gap for φ between inside and outside of the sphere. In the
solar system, at the outside of the Sun, due to the small
value of W (8piGρsolar-system/Λ), the value of φ in the cou-
pling state, V ′(φ) ≈ 8piGρsolar-system/3, is very close to
its de Sitter value 2α0 corresponding the minimum of
the potential V (φ). Then along the radial direction from
outside to inside the Sun, because of the big gap be-
tween the general relativity restoration value φ ≈ 1 and
the value close to φ0(= 2α0), φ slowly moves toward the
general relativity restoration place as the matter density
increases. However, because the solar density is not high
enough and the Sun is not large enough for the R lnR
model, inside the Sun, the equation of motion for φ is
reduced to φ′′+ 2φ′/r ≈ 8piGρSun/3. In other words, the
field φ even does not come to the equilibrium point be-
tween V ′(φ) and 8piGρSun/3 as the radius approaches to
zero. As a result, Eq. (46) does not apply, and φ(r) does
not have a shell across the surface of the Sun.
As a supplement, Fig. 5.c shows that the inverted po-
tential −Veff only has one rather than two maxima, so
φ just slowly rather than instantly rolls down from the
maximum (inside the Sun) to the minimum (outside the
Sun) of the inverted potential −Veff. In summary, due to
the large running of the modification term with respect
to the Ricci scalar R, the R lnR model has difficulty to
pass the solar system tests.
As a result, it remains challenging for the R lnR model
to pass the solar system tests when the chameleon mech-
anism has been taken into account. This problem is sig-
nificantly alleviated in some other f(R) models (e.g. the
Hu-Sawicki model) that are close to the ΛCDM model.
In these models, the field φ is not sensitive to the change
of the matter density when the matter density is above
the cosmological constant scale.
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FIG. 3: (Color online) Numerical solution for the R lnR model when the parameters are set up to make the field φ heavy. (a)
The field φ(r). φ(r) is coupled to the matter density from inside to outside of the sphere, and a thin shell exists at the surface
of the sphere. φc(= 1.70) is the value of φ at the center of the sphere. (b) The terms in the equation of motion (E.o.M.) for
φ (10). From inside to outside of the sphere, Eq. (10) is approximated as V ′(φ) ≈ 8piGρ/3. The absolute value of the friction
force |2φ′/r| is much less than that of the net force |φ′′|, which allows the field φ to cross the valley of −Veff instantly. (c)
Zoom-in of (b) near the surface of the sphere. (d) The inverted effective potential −Veff(φ). The two maxima of −Veff(φ) are
almost at the same height, and φ(r) is an instanton in −Veff(φ). Veff = V + Vm.
B. The Hu-Sawicki model
The function f(R) in the Hu-Sawicki model reads [17]
f(R) = R−R0 C1R
n
C2Rn +Rn0
, (67)
where C1 and C2 are dimensionless parameters, R0 =
8piGρ¯0/3, and ρ¯0 is the average matter density of the
current universe. We consider the simplest version of
this model
f(R) = R− CR0R
R+R0
, (68)
where C is a dimensionless parameter. In this model,
V ′(φ) =
R3
3(R+R0)2
[
1 + (1− C)R0
R
(
2 +
R0
R
)]
.
(69)
The above two equations show that as long as the matter
density is much greater than R0, the curvature R will
trace the matter density well, and φ will be close to 1.
In this model,
A′′(R) =
2CR0
(R+R0)3
 1
R
, when R R0
where A(R) is the modification term, f(R) = R+A(R).
So A′(R) moves very slowly with respect to R in compari-
son to 1/R, which makes the Hu-Samicki model favorable
to avoid the solar system tests. We compute the field φ(r)
when a sphere sits in a background with nonzero matter
density. The parameters assume the following values.
Equation (69) shows that in order for the model to have
a de Sitter point for which V ′(φ) = 0, the parameter C
needs to be greater than 1. In this paper, we set C to be
equal to 1.2. In the same set of units as used in the R lnR
case, the radius of the sphere r0 is equal to 1, and the den-
sities of the sphere, background, and R0 are 2.1× 10−4,
10−2ρsphere, and 10−7ρsphere, respectively. The density
profile is ρ = ρsphere/[1 + exp(30(r − r0))] + ρbackground.
The solution for φ(r) is plotted in Fig. 6.a, which shows
that φ(r) has a thin shell near the surface of the sphere.
As shown in Fig. 6, the two maxima of the inverted effec-
tive potential −Veff(φ) are at the same height, and φ(r)
is an instanton in −Veff(φ).
In principle, when the computational precision is high
enough, numerical computations in the solar case can be
performed. On the other hand, in this study we only con-
sidered a simple case (n is equal to 1) of the Hu-Sawicki
model (67). The model with a larger n will be more fa-
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FIG. 4: (Color online) Numerical solution for the R lnR model in an intermediate case. (a) The field φ(r). At places well inside
and far away from the sphere, the field φ is coupled to the matter density of the environment. Near the surface of the sphere,
the field φ is decoupled from the matter density and has a slow rather than instant roll (in other words, φ has a thick shell).
φc(= 0.99) is the value of φ at the center of the sphere. (b) The terms in the equation of motion for φ (10). At places well inside
and far away from the sphere, Eq. (10) becomes V ′(φ)− 8piGρ/3 ≈ 0. Just outside of the sphere, Eq. (10) is approximated as
φ′′ + 2φ′/r ≈ 0. (c) The inverted effective potential −Veff(φ). The left maximum of −Veff(φ) is lower than the right one. A
large fraction of potential energy of the field φ is exhausted by the friction force in the rolling-down precess. Veff = V + Vm.
vored to pass the solar system tests because the field φ
will be suppressed more in this circumstance. However,
implementing all such computations is beyond the scope
of this paper.
VII. CONCLUSIONS
The confrontation between f(R) gravity and the so-
lar system tests has been explored in the Jordan frame
in this paper. The metric is in a gross violation of the
observation if the Sun is assumed to sit in a vacuum
background. We reobtain this result in a simpler way by
directly focusing on the equation of motion for φ in the
Jordan frame.
The chameleon mechanism implies that the functional
form f(R) should be very close to the Ricci scalar R for
R above or equal to the solar system scale,
|A(R)|  R, |A′(R)|  1, and A′′(R) 1/R,
where A(R) is a modification term, f(R) = R + A(R).
On the other hand, the f(R) gravity should deviate from
general relativity at the cosmological scale, so that a cos-
mic acceleration can be generated in the late universe.
Therefore, a trade-off between the requirements at high
and low curvature scales needs to be made.
We numerically compute the profiles of φ(r) for a
sphere (which can be the Sun) in an environment (which
can be the solar system) with non-zero matter density in
difference configurations, and the corresponding inverted
effective potentials are plotted. These provide an intu-
itive approach to understand the effects from the matter
density. Regarding the R lnR model, in the coupling
state the scalar field φ runs logarithmically with respect
to the matter density when 8piGρ/Λ is much greater than
1. This relationship can easily trigger the field φ to re-
lease from the coupling state inside the sphere, and φ will
then slowly approach the other coupling state, which is
far away from the sphere. Consequently, it is challenging
for the R lnR model to pass the solar system test, and
in fact the coupling state even does not exist inside the
Sun for this model. In some other f(R) models which
are very close to the ΛCDM model, the field φ is robust
to the change of the matter density as long as the matter
density is greater than the cosmological constant. As a
result, this class of f(R) models have the advantage of
passing the solar system tests.
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FIG. 5: (Color online) Numerical solution for the R lnR model in the solar system case (a) The field φ(r). In this configuration,
φ(r) is not coupled to the matter density inside the Sun, and then a shell does not exist near the surface of the Sun. φc(=
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